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ABSTRACT

We study the expansion of derivatives along orbits of real and com-
plex one-dimensional maps f. whose Julia set J; attracts a finite set
Crit of non-flat critical points. Assuming that for each ¢ € Crit, ei-
ther |Df™(f(¢)}| — oo (if f is real) or by - [Df™(f(c)}| = oc for some
summable sequence {b,} (if f is complex; this is equivalent to summa-
bility of |Df™(f(c))|~!), we show that for every z € Js \ U, f~4(Crit),
there exist {(x) < max. ¢(c) and K'(z) > 0 such that

s—1

IDF™ (@)% > K'(2) [ ] Dri=nigr (Citr)
i=0

* The original paper used an incorrect version of the Koebe Lemma cited from [21]
as was pointed out by the referee and Genadi Levin in the autumn of 2001. The
corrected version of November 2001 only uses the classical Koebe Lemma. Ap-
parently, all results in Feliks Przytycki's paper [21] go through using the classical
Koebe Lemma instead of his Lemma 1.2.
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for infinitely many n. Here 0 = n; < --- < n1 < ng = n are so-
called critical times, ¢; is a point in Crit {or a repelling periodic point in
the boundary of the immediate basin of a hyperbelic periodic attractor),
which shadows orb(z) for n; — n;41 iterates, and

Dy(es) = {max(A,I{- IDF*(f(e))) if f is real,
max(\, K - by - |Df*(f(ei))]) if f is complex,

for uniform constants K > 0 and A > 1. If all ¢ € Crit have the same
critical order, then K'(z) is uniformly bounded away from 0. Several
corollaries are derived. In the complex case, either J; = CorJ ¢ has
zero Lebesgue measure. Also (assuming all critical points have the same
order) there exist & > 0 such that if n is the smallest integer such that x
enters a certain critical neighbourhood, then |Df™(x)| > «.

1. Introduction and statement of results

The behaviour of (real and complex) one-dimensional systems depends essentially
on the behaviour of their eritical points. Derivatives along orbits tend to grow at
least as fast as the derivatives along the critical orbits, and so the growth along
critical orbits plays a central role in the question whether invariant densities exist.
This goes back to Collet and Eckmann’s result {7] on non-flat S-unimodal maps
f: if there exist C > 0 and A > 1 such that

(CE) [Df*(f(e))| = CA* for all n > 0,
where ¢ is the critical point, and
(BCE) |IDf™(f(z))] 2 CA™ where n is minimal such that f*(z) = c,

then f admits an invariant probability measure (acip) that is absolutely con-
tinuous with respect to Lebesgue. In the S-unimodal case, Nowicki [16] showed
that the Collet—-Eckmann condition (CE) implies the backward Collet-Eckmann
condition (BCE), thus eliminating the need of (BCE), and in [17] it was shown
that (CE) and (BCE) are equivalent.

In the (multimodal) real and complex case it is convenient to define

I = {z € I; fr(z) /> attracting periodic orbit} if f is real,
d the Julia set if f is complex.

The set of critical points ¢ such that orb(c) intersects J; will be denoted by Crit.
We say that f is a Collet-Eckmann map if there exist C' > 0 and A > 1 such that

(CE) IDf*(f(c))| > CA™ for all c € Crit and n > 0.
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Here, and throughout the paper, in the complex case Df" is the derivative in
terms of the spherical metric on C. The (BCE) condition is extended similarly.
Some authors allow some critical points in Crit to be mapped onto other critical
points. It is not too hard to extend our results to that setting. In the setting of
rational maps, Przytycki [21] showed that (CE) together with some technical as-
sumptions imply the existence of an acip (with respect to a non-atomic conformal
measure on the Julia set).

Our main aim in this paper is to deal with weaker growth rates, similar to
what was done in Nowicki and van Strien [18], who showed that for S-unimodal
maps, summability of |Df(f(c))|~/* (where ¢ is the order of the critical point
c) guarantees the existence of an acip. In [5] we extended this to the multimodal
case:

THEOREM 1.1: Let f be a real multimodal map such that Sf < 0 and all critical
points have the same finite order ¢. If 5" |Df™(f(c))|~Y¢ < oo for each critical
point ¢, then f admits an acip.

It is the aim of this paper, using the ideas of [18], to estimate derivatives
along arbitrary orbits, and give alternative approaches to (and in some cases
improvements of) results by Graczyk and Smirnov [9] and Przytycki [21]. We
assume that

|Df™(f(e))| = oo if f is real with Sf <0,
{Zn IDf"(f(¢))|™! < 0o if f is rational on C.
Except for finiteness, there are no restrictions on the number of critical points
and their orders. The complex assumption is the same as used in [9] or in [21,
Theorem B].

We will show that orb{z) can be decomposed into pieces in which it loosely
shadows a critical orbit orb(e;), and that the derivatives grow accordingly: There
exists A’/ (x) > 0 and ¢(x) < max, {(c) such that

s—1
DS (@) 2 K (@) - [T - [DF "+ (fea))),
i=0
for infinitely many n, and critical times 0 = ns < --- < n; < ng = n (defined in
later sections). Here K; > K (if f is real) and ; > K -b,, _p,_, (if f is complex},
and K > 0 is a uniform constant. See Theorem 1.2 for the precise statement.
The second purpose of this paper is to strengthen the results in [4]. In that
paper we established the existence of an acip p for real multimodal maps un-
der certain summability conditions and we derived strong statistical proper-
ties concerning the mixing rate of u. However, we assumed a property, called
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bounded backward contraction (BBC), which states that |Df”(x)| is uni-
formly bounded away from 0 whenever z first enters a critical neighbourhood.
Theorem 1.3 below shows that (BBC) holds automatically, both in the real and
complex case, provided all critical points have the same order. Examples in Sec-
tion 6 show that this assumption is essential, and that without it also (CE) no
longer implies (BCE).

1.1. DEFINITIONS AND STATEMENTS OF RESULTS. In the remainder of this
section we give the precise statements of the results and relate them to known
results. Let I denote the interval or circle and C the Riemann sphere with
spherical metric. Because Crit is the set of critical points ¢ such that (_)F(cj
intersects J¢, the assumptions (2) and (3) below exclude the existence of parabolic
points. In particular, all critical points which are not in Crit are contained
in immediate basins of hyperbolic periodic orbits. We assume that Crit # @,
thus excluding circle diffeomorphisms, as well as maps where J; is hyperbolic.
These maps are completely understood as far as the results presented here are
concerned. Each ¢; € Crit has critical order ¢, < oo and we write fa =

max{/;;c; € Crit}. Let

(1) N(Crit) = | B(ei, €/),

where B{x,d) denotes the open ball of radius §. We shall consider expansion
properties of the following two types of maps:

(i) Smooth real one-dimensional maps f: I — I with non-flat critical points,
such that the Schwarzian derivative Sf < 0, such that &I contains no parabolic
points of period < 2, and such that

(2) [Df"(f(c))| = oo as n —» oo for each ¢ € Crit.

(ii) Rational maps f: C — C such that there exists a sequence b, > 0 such
that

(3) exp(an)<2 and by - [Df"(f(c))| = oo

n>0

for each ¢ € Crit. The b,’s feature in the notion of shrinking neighbour-
hoods from [21]. Condition (3) is equivalent to > < 1/|Df*(f(c))| < oo; see
Lemma 2.7. -

Given a point z, define for the moment #(x) to be the maximal order of all
critical points on which x accumulates (if it does not accumulate on any critical
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points define ¢(z) = 1). A sharper definition of ¢(z) will be given in formulas (8)
and (38).

THEOREM 1.2: Assume that (2) or (3) holds. Then there exist A > 1 and K > 0
such that for each x € J; such that f*(x) ¢ Crit for all k > 0, there exists
K'(x) > 0 and arbitrarily large times n such that

s—1
(4) IDF (@) > K'(2) [ [ Dni—misa (€i41)s
=0
where
(5) Dilci) = max(\, I\:~ lDf’“(f(kci))}) l:ff 1:5 real,
max(A, K - by - |Df*(f(c;))|) if f is complex,
and 0 = n, < -+ < mg := n are critical times (defined In later sections), and

c; are critical points in Crit (or repelling periodic points in the boundary of the
immediate basin of a hyperbolic periodic attractor). In particular, there exists a
sequence of integers n so that |Df(x)| — oo.

Usually, the ¢; in this theorem are critical points that shadow the orbit of x

for the iterates n; to n;_1. Only when the shadowing critical point belongs to

the (immediate) basin of a periodic attractor, we can relace ¢; by a hyperbolic

periodic boundary point of this basin, and use its expansion in the estimates.
This allows the following immediate corollary for periodic points:

COROLLARY 1.1: The Collet-Eckmann condition (CE) implies uniform hyper-
bolicity on periodic points.

In the complex setting, this has been shown in [8]. If Crit consists of only one
point, then (CE) is equivalent to uniform hyperbolicity on periodic points; see
[17] and [8].

It is known (adapt the example in [23, Section 5] and see also [22]) that uniform
hyperbolicity on periodic points does not imply (CE). Recall the growth condition
on Crit immediately rules out the existence of parabolic points. It is also known
that maps as above do not have Cremer points, Siegel disks and Herman rings;
see [9] and [24].

The number K'(x) expresses the small derivatives of close visits of orb(z) to
critical points ¢, with order £, > ¢(z). On the set {x;¢(z) = lpax}, K'{(x) is
uniformly bounded away from 0. Furthermore, (4) holds for the critical times,
which includes any n such that f*(x) € Crit. Therefore we have
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COROLLARY 1.2: If n is minimal such that f™(z) = ¢; € Crit and €; = {pax,
then [Df™(2)[*® > K -[T324 Dy, —n..i (ciy1). In particular, (CE) implies (BCE)
for all ¢; with ¢; = li.4.

As mentioned before, the statement that (CE) implies (BCE) was shown in the
unimodal case by Nowicki [16]. Graczyk and Smirnov [8, Theorem 1 (i)] proved
it for rational maps on the Riemann sphere. The corollary does not hold for
critical points ¢; with ¢; < £imax, as we demonstrate in Section 6.

In the next theorem we prove (BBC). This property was used as assumption
in [4].

THEOREM 1.3 (The BBC property): Assume that (2) or (3) holds and assume
that all critical points of f have the same order. Then there exist xk > 0 so that
for any € > 0 and any € J; and n = min{k > 0; f*(z) € N(Crit)} one has

(6) |[Df"(x)| > k.
More precisely, there exist uniform constants A > 1 and K, K’ > 0 such that
s—1
‘Df"(x)lg(z) 2 K'- H D’ni"ﬂi+1 (Ci+1)’
i=0

where Dy(c;) is defined in equation (5).

The assumption that all critical points have the same order is essential;
counterexamples are given in Section 6.

A well-known result that goes back to [15] and [12] is that if f is a C?
multimodal map and ¢ > 0, there exists C > 0 and A > 1 such that if
dist(orb(z), Crit U {non-repelling periodic orbits}) > o, then

|Df"(x)| > CA™ foralln > 0.

This determines the hyperbolic subsets of I. In the complex case, Maiié [13]
proved a similar result, using the assumption that z does not belong to the
omega-limit set of a recurrent critical point. The complex analog of (7) was
called R-expansion and used as the assumption in {8, Theorem 2].

COROLLARY 1.3: Let f satisfy (2) or (3). There exists C > 0 such that for every
o > 0 there exists A > 1 such that: if v € Jy, then dist(orb(z), Crit) > ¢ implies
IDf™(x)] > Cotme==1A™ for all n.

In Section 5 we combine the techniques of Theorem 1.2 with a random walk
argument and prove that Lebesgue-a.e. point reaches “large scale univalently”.
This results in
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THEOREM 1.4: If f satisfies (3), then either J = C or the Lebesgue measure of
J is 0.

This result was also shown (mutually independently) in [24].

2. Notation and preliminaries

If a map (real or complex) f has a critical point ¢, then its order ¢ is the number
such that (¢/M)|z — c|*~! < |Df(x)| < €Mz — c|¢~1, for all  and a uniform
constant M > 1. In particular, we assume that in the real case, the critical order
of a critical point is the same on either side of ¢. Integration gives (1/M)|z—c|¢ <
If(c) — f(@)] € M|z — c|°. These properties, plus the fact that ¢ < oo, will be
referred to as non-flatness.

Denote by v{o} the minimal integer n so that |f™(c) — ¢/| < & for some critical
points ¢,¢’ € Crit. Since no critical point is mapped to another critical point,
v(ie) 5> o0 as o — 0.

Throughout the paper we shall need several Koebe-like estimates:

LeMMA 2.1 (Koebe Lemma in the real case): Let g: (a,b) — R be a diffeo-
morphism and Sg < 0. For each 7 € (0,1) there exists KL(r) such that if
x,y € (a,b) is so that both sides of g((a,b)\ (z,y)) have size > 7|g(b) — g(a)l,
then [Dg(z)[/|Dg(y)| < K L(r).

LEMMA 2.2 (One-sided Koebe Lemma in the real case): Let g: (a,b) — R be a
diffeomorphism and Sg < 0. For each 7 € (0,1) there exists K L(7) such that if
x € (a,b) is so that |g(x) —g(a)| < 7|g(b) - g(a)|, then | Dg(z)| = KL(r)-|Dg(a)l.

LemMA 2.3 (Expansion of Cross-Ratios): Let g: (a,b) — R be a diffeomorphism
and Sg < 0. Let j C t be subintervals of (a,b) and let l,r be the components of
t\l. Then

lo(6)| - Lo . J¢l- i}

lgD1 - lg(r)] = W] - Ir]’

In the limit 3 — z this yields
ltl  1g(r)] - 1g()]
g'(x) > : -
@2 9@ U

In the complex case we shall need

LEMMA 2.4 (Koebe Distortion Lemma in the complex case): Assume that D is
the unit disc in C and ¢g: D — C is univalent, then for each z € D,
1= @l 1+
< <
T+1=D)* 7 1g' ) ~ (1 =])?
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and
1=z _ |

. / -~ eh
g 1+
141z —

d
< .
lg(z) —g(0)] ~ 1 -]
The proofs of Lemmas 2.1-2.3 can be found in [14]. Lemma 2.4 can be found
in [19]: the first statement is formula (15) of Theorem 1.3, page 9, and the second

follows by substituting the Koebe transform

h:) = (9(35 =) - 9() /(1 = wf)g' )
in formula (14} and then taking = = —w; cf. Exercise 3 on page 13 in [19].

In order to deal with large disks, we need in fact a version of Lemma 2.4 applied
to the Riemann surface C. Let d be spherical metric on C. (The results holds
for any conformal metric, but we will use it for spherical metric only.) As usual
define B(z,7) = {z;d(z,x) < r}. For an analytic map f: C — C, let Df(z) be
the derivative map with respect to the metric d. Using this notation, the previous
lemma implies the following

LeMMA 2.5 (Koebe Distortion Lemma on the Riemann sphere): Let d be the
spherical metric on C and let ry < diam(C). Then there exists a constant KL > 0
such that for each r < rg, each xg € (fl, each univalent map g: B(xo,7) — C and
each z € B(xo, 1),

1—d(z,x0)/r < |Dg(z)| < KL
KL = 1Dg(xo)l T (1 d(z,20)/r)*’

and

1—d(z,z0)/r < d(z,xg) - |Dg(2)] < KL
KL = d(g(2),9(x0)) ~ 1—d(z,z0)/r’
An interval U C I is called wandering if f™|U is monotone for all n > 0 and
U is not attracted to a periodic orbit. It is well-known that C? maps do not have
wandering intervals; see [14]. This fact is equivalent to the following statement.

LEMMA 2.6: For any € > 0 there exist § > 0 such that if U is a ball of diameter
> ¢ which is not attracted to a periodic orbit, then f*(U) has diameter > 6 for
alln > 0.

For rational maps on C and open sets U, this lemma is a simple consequence
of compactness and Montel’s Theorem, provided U intersects the Julia set.
Let us finish this section by showing
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LEMMA 2.7: There exists a summable non-negative sequence (b,) such that
bo|Df™(f(c))| = oo if and only if Y |Df"(f(c))|™! < cc.

Proof: For the if-direction, choose my, ma, ... so that Zn>mk 1/|IDf*{(f(c)] <
1/k3. Then take d,, = 1 for n < m; and d, = k for n = my,...,mpy1 — 1 and
k=1,2,.... Then

> dn/IDFM(F) < D 1/IDFM(f()]+ D k/K < 00

n>0 n<n k>1
and so b, = €-d,/|Df"(f(c))| satisfies the required properties for some small
€ > 0. Conversely, b, - |IDf"(f(c))| — oo implies |Df™(f(c))|"* < b, for n
sufficiently large. |

3. The real case

Throughout this section we shall assume that f: I — I is an interval or circle
map satisfying (2). We write |z — y| for the Euclidean distance between z and
y; in case of sets, we prefer to use dist(X,Y) = inf{jzr —y|;z € X, y € Y}.
As before, let C'rit be the set of critical points of f which are not in the basin
of periodic attractors (because of the growth assumption f does not parabolic
periodic points). For the moment fix an integer n, choose o > 0 and take a point
x € Jy, such that f¥(z) ¢ Crit for all k < n. Let T,,(x) > = be the maximal
interval such that f™|T,(x) is a diffeomorphism; usually we shall simply write
Tn. Let

ro(x) = dist(Qf™(Ty), f*(x)).
We say that n is o-big time if r,(x) > o. Furthermore, n (or f"(x)) is of type

(AP) (almost pre-critical) if rp(x) > dist(f"(z), Crit),
(NAP) (not almost pre-critical)  if r,(x) < dist(f™(z), Crit).

If n is a o-big time, we still distinguish between type {AP) and (NAP). Types
(NAP) and (AP) represent the “sliding” and “transfer” case in [18], while o-big
refers to the “regular” case. We call n critical if f™(7,,) contains a critical point.
Note that if n is of type (AP}, it has to be critical.

Now let 0 = ny < ny_y < -++ < ng = n be the critical times before time ng = n
defined as follows (we do not need to assume that n itself is a critical time, but in
any case define ¢ to be the (a) nearest critical point to zg := f™(z)): Since T, is
the maximal neighbourhood of x on which f” is diffeomorphic, there exist critical
points ¢, ¢; and integers ny,n} > 0 such that f™(T,,) = (f*™ (c1), f*~™(c}))
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and such that |f"~"(c;) — f™(x)] < |f*™(c}) — f™(x)|. We should emphasize
that it is possible that ¢, is a critical point in the basin of a periodic attractor (and
so not in Crit), but then f™(7,) contains a boundary point of the immediate
basin of this periodic attractor, and then we take for ¢; this point (which is
hyperbolic); in this case either ¢; is periodic or its f-image is periodic. The same
modification for the choice of ¢y applies throughout the construction.

Next, for Ty, (z), the maximal neighbourhood of x on which f™ is diffeo-
morphic, we take the corresponding critical points cz,¢y € Crit and integers
ng,nb > 0, such that |f™7"2(cg) — f™ (z)] < |[fma () — f™ (2)], ete. See
Figure 1. We shall write z; = f™(z) for i = 0,..., s and denote the order of the
critical point ¢; by ¢;. (We write xo for f*(z) since we will always ‘pull-back’.)

T = Mg b T ~ .
frmi(a) (o) )
fno—n1
ni — T T sl
frmm(e)  a fri(x) frim2(ea)
fnl—-nz
%) I T T —
fr2(z) €2
f’ng—-ng
[l Tn .|
| _;:. 1

Figure 1. Critical times before n.

3.1. A PROPOSITION GIVING LOWER BOUNDS FOR EXPANSION OF DERIVATIVES.
Let us first properly define the exponent ¢(x). Let Crit'(z) be the set of critical
points ¢ € Crit such that there are infinitely many (AP) times n such that
dist(f"(x),Crit) = |f*(z) — c|. So for other critical points there is a bounded
number of such events, and so for later use, we define 7(r) < oo so that n < 7(x)
whenever n is a (AP) time with dist(f™(z),Crit'(z)) > dist(f"(z),Crit). In
Assertion 3 of Proposition 3.1 below, we will show that Crit'(x) # @ or there are
infinitely many o¢-big times n for some ay.



Vol. 137, 2003 EXPANSION OF DERIVATIVES IN ONE-DIMENSIONAL DYNAMICS 233

Now set

_ _ [ max{f;;c; € Crit'(z)} if Crit'(z) # 0,
®) =tx)= { 1 if Crit'(z) = 0.
This choice of ¢ enables the strongest asymptotic results; choosing ¢ = {pax,
on the other hand, may give weaker asymptotic estimates, but allows for a a-
independent choice of K’ in Theorem 1.2.
For 0 < i,j < s define

A = { g — [ (4q) [0 z; is (AP),
C Uw = e ()T () — el T8 @ is (NAP),

and
B. — { | — ;175 x; is (AP),

P Uy = ()| oy — TS xis (NAP).
ProprosiTION 3.1: Given f such that (2) holds, there exist o9 > 0, ¢ > 0,
K > 0 and a function E: N — R with E(k) — oo as k — oo, such that for each
x € Jy andn €N for which z,..., f*"Y(z) ¢ Crit the following properties hold.

1. Let 0 = ng < --- < ny be the critical times before time no = n. Let ¢ = {(x)
and c¢;, A;, B; be as above. Then for any 0 <1< j < s,

® D)l %IIAWHN””HWN%HML

where Ko = K and, foreachk=1,...,8—1,

K - [dist(f™(z),Crit)]**~¢ if both ¢ > ¢ and
Ry > ny is of type (AP),
K otherwise.

By definition of Crit' (x) the former can happen only finitely (uniformly in
n) often: it can only happen when ny < 7(x).
2. If n;4y > 7(x) then one of the following holds:

(10) K- D™ (feiv1))] > 2,
(11) K2 |Df™m4(fein))] - [DFY 742 (f(eiq0))] > 4

or (for any j > i)

s A
IDF" (@) 2 Bl — ny) - B
i
3. There exist arbitrarily large times n for which either f™(x) is in case (AP)
or rp(z) > 0¢ (so n is a og-big time).
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4. If r,(x) > 0q, then Ag > og_e". If f*(x) is in case (AP) and moreover the
critical point nearest to f™(x) has order ¢(x) = ¢, then Ag = 1.

5, Ife € (0,ep) and n > 0 is such that f*(x) € N(Crit), but for no critical
time k < n, f*(x) € N(Crit), then f"(x) is in case (AP).

In the remainder of this subsection we shall prove Proposition 3.1, using a few
lemmas.

LeEMMA 3.1 (Transfer Expansion): There exists a universal constant X > 0 such
that

|Dfro™ (2y)[" . Ao
13 >K .=,
1 D e = By
where
A= 1To— fromm(ey)|tte T in case (AP),
7 Uzo — from™ ()&t f0= " (¢1) — co|t =% otherwise,
and

B. = |21 — |8 x1 in case (AP),
' ey — frm2(e)|f1 - oy — |18 otherwise.

Here, as before, ¢; is the order of the critical point c¢;. In order to prove
Lemma 3.1 we shall need the following

LEMMA 3.2: There is a Koebe constant KL such that

(14) IDfrem™ 7 (f@)] 2 KL [DF =" (f(en))l,
no—m=1( f(p T (@) = o (e)]

(15) IDf (f(e1)| 2 KL TN e

and

(16)  [DfT ()] 2 (1/2)- lro — 7" ey

min{|z1 — f1772 (e2)l, o1 — ed[}

Proof of Lemma 3.2: Since zo = f"(x) is nearer to f" " (c;) than to the
other boundary point of f*(T},), the one-sided Koebe lemma implies (14) and
(15). Moreover, write (f™17"2(cg), f1""2(ch)) = f™(Tn,) 3 1. Choose either
t C (c1, f™ ™2 (cq)) or t C (c1, f™~"2(c,)) maximal so that fre=" |t is a diffeo-
morphism and so that z; € t. Let [, 7 be the components of t\ {z}. Note that if x,
and f™~"2(cy) lie on the same side of ¢; then we take the former, and otherwise
the latter. In both cases we have min(|{|, |r]) < min{|z, — 1], [c1 — " 7" (c2)|}
because, by construction, f™ ~"2(¢3) lies nearer to x; than fra—na (ch) and in the
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second case c; lies between xzy and "1 7"2(cy). Now we use Lemma 2.3 to derive
the following inequality:

From @)
0] RGN

Since at least ome of the two intervals f"o~™1([), f* "™ (r) has length >
|f7o="1(t)|/2 and since {¢| > |I|,|r|, one has that this last expression is at least

|Df7em" (1)

> (1/2)-minf £ O 177 00} e

Because f"°~™ (cy) is the end-point of f"(7,,) nearest to xp, and the above
estimate, this gives {16}. ]

Proof of Lemma 3.1: The proof follows from some simple algebra, from the
non-flatness at critical points and inequalities (14)-(16). Indeed, distinguish two
cases:

(AP) case: Let us first assume that xo = f™(x) is in case (AP). In this case,
we first use the chain rule and (14) to get that |[Df™e =" (z;)|% is at least

KL-Df(x1)|*- D™= (fe)|7H - D™ (f (o))l

Now using non-flatness and applying (15) to the last but one factor, this is at
least

(t=De [fro= (1) — ot

|f(e1) = fa)|!

Since we are in case (AP), this is at least

ADfreTM TN (f(en)l.

I&—I . |$1 —C1

S K e e) - zo|=Fo | fromm () — ¢o|0!
= 261 |2y — e|A=8 | f(er) — flan)]¢1

Do (f(en)

and by non-flatness this gives

ng—"mni [ no—n1 — (A2
(17) |Df (z1)| > K. |f (c1) cerl i
|D fro=m1(f(c1))| |21 — cg]0
which is valid if x is in case (AP) or in (NAP). If z; is in case (NAP), i.e., xy is
closer to f™~™ (¢y) than to ¢, then we can sharpen the above inequality: (16)
can be written as

£r07" er) = ol |10 o) — oo

no—ni (. -1 -1, '
|D g™ (1)1 > (1/2) lz1 = fri=na(eg)[1
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Hence, if x; is in case (NAP),
IDfre=™ (2)[* = |Df™T™ ()| DT ()] - DS (1)

can be estimated by using the previous inequality in the first factor, using (14) in
the second factor, and by using that |Df(f™ =™ (1)) & |f™~™ (1) — coffe! <
2b—1| fro—m (¢;) — go|%~1 (because of the assumption on z¢). This gives

|70~ (e1) — @o| 7
w1 = frm2(eo) | oy — e 170

[Dfro™ ()|
|D fro=m (f(ex))
(NAP) case: Let us now assume that zo = f"(z) is in case (NAP). In this

case we first use the chain rule, non-flatness, and (14) to get that |Dfmo—™ (z,)|¢
is at least a universal constant times

(18) > K

|$1 _ cllel—l

|fro=m(e1) — ol

Applying (16) to the first factor gives that this is at least a universal constant
times

IDf"oT™ (@) - IDSmT ™ (f (en)]

lo — fr0 " (1)) -1 loy — |21 _—
(min{|x1 — [ (eg)l, |21 — Cll}) (frommi(er) — clfo-t |Df (fle))-
That is,

;Dfno—m ($1)‘£
agy 1PITmUe)]

- mo = fromm(e))f M (ey) — o]t

min(Jz, = fr=m2(ey)], |21 — e )T foy — e [F6

If 21 is as in case (AP) then this becomes

]Dfno——m (xl)'é S K. I»’UO _ fno—m (Cl)lﬂ—l . lf‘no—'m (Cl) _ COII—IZU
|Dfro=m1(f(e1))] ~ |z1 — 1|4 ’

whereas if 2, is as in case (NAP) then this becomes

(20)

(21) |DfmomM(z)|* o Jwo = fromM (e[ [0 (er) — o] T
|Dfro=m(f(e))| ~ |21 = =2 (et - a1 — e [P0
This completes the proof of Lemma 3.1. |

Proof of Assertion 1 of Proposition 3.1: The proof of this part is formal, and
is the same for the real and the complex case. For Df™~"2(z,) the analogous
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statement to (13) holds, replacing xq, ¢g, €1, 0 — 71, T1 by 1, ¢1,¢2, 71 — Ng, T.
Let us now analyse what we can say about

Ao Ay

(D70 ()| = IDF™ =" (@) - IDF™ 7 ()] > K22 22

by considering the term A;/B;. We distinguish several cases.

If x4 in case (AP) and € > ¢, then

AL fmTme(e) — oy |th
22 —_— = > 1.

Also,

x1 In case (AP) and ¢ < ¢; implies
Ap M (er) - N

(23) > [dist(z;, Crit)] %

E B |$1 - Cl|’5—e'
Moreover,
21 in case (NAP) implies
(24) Ar o= M ()| M (o) - a8 > 91-6
A P S | P
Because of these inequalities and similar ones for Ay /By for k=2,...,5 - 1,
A
(25) [Df™ " ()| > 31 [T B - 1D+ (f(er))s
J k=1

where K}, := K- A,/ B}, are bounded below in the way described in the statement
of Assertion 1 of the proposition. (So for all but a finite number, Ky > K2!~*
is uniformly bounded away from 0.) Note that we have not used the assump-
tion about the growth rate of derivatives or any assumption on x to obtain this
inequality. ]

Proof of Assertion 2 of Proposition 3.1: We need to show that (10), (11) or
(12) holds. Take p > 0 so small that & - [Df*(f(c))| > 2 for each k > v(p)
and each ¢ € Crit. Assume that the first alternative (10) fails, i.e., assume
K|\ Dftm+ 1 fleign))] < 2. Then n; —niys < v{p). Hence fo; — f™ 774 {e;41))
> p and so either |z; — f* "+ (c;4q)| > p/2 or |x; — ¢;| > p/2.

If jx; — f™ "™+ (cig1)| > p/2, then, for any j > 4, f™ 7" (Ty, _p, (x;)) con-
tains a p/2-neighbourhood of ;. Let t denote the neighbourhood of z; for
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which f™~"i(t) is equal to a p/4-neighbourhood of z;. Then using the Koebe
Lemma 2.1,

A,
2% Dft—m ¢ > KL (p/ ) >K l_—l___‘
(26) DT @)l 2 KL o 2 5L Game
Let ty be the components of t \ {z;}. Since there is absolute Koebe space of
order p/4 around f™i~" (t), the quotient |¢t;|/f_] is universally bounded from
below and above. Because t is contained in (¢;, f™ "™+ (c;j41))

diam(t) < C-min(|z; = ¢, |zj = f7* (ej41)1),

for a universal constant C. Hence, since ¢; > 1, the right hand side of (26) is
much larger than A;/B; when t is small. Since f has no wandering intervals, ¢
is small when n; — n; is large. It follows that there exists a function E}: N — R
with limg_, o (k) = oo such that

(27) fo — 7" ()| 2 /2 mplies D™ ()| > By = m

w

and so (12) holds.

So we may assume that |c; — z;| > p/2 and [f™ "1 (i) — @] < p/2.
Therefore there exists o’ = p'(p) such that |z;11 — ¢i41] < o/ and p' — 0 as
p—0.

Let us first consider the case that | f™i+1~"+2(c;; 9) —xi41] > p’ (s0 in particular
x;,1 is in case (AP)). Then we can repeat the previous argument (replacing p/2
by p’) and obtain that
Ait1

B;’

(D™= ()| > Epy(nass = ny)

for some appropriate function E,. Since ;41 is in case (AP), we find by (22) and
Lemma 3.1 that [Df™ "+ (2,41)|* > KA;/Bi+1 > K because we have assumed
that n;,.1 > 7(x) and so £;4 < ¢. Combined, this gives

|fr+ T2 (0 10) — 2iqq| >p' implies

(28) IDf™=" (25)|f 2K - Y (ni — nj) =

)

Ud'tb

J
and so again (12) holds.

The final case is when |f™+!~"+2(¢;49) — xi41| < p/, which implies that
[frr 2 (0 40) — cip1] < 2p'. Therefore niyy — nipe > v(2p'), and if p' is
sufficiently small,

[Dfriti m+2(f(ciy9))| 2 %[Dfni_nle (fleir ™!
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This gives (11), and completes the proof of Assertion 2 of Proposition 3.1. ]

Proof of Assertions 3-5 of Proposition 3.1: Let us first prove Assertion 3. Take
og > 0 so that for each critical point ¢ ¢ Crit, dist(w(c), J(f)) > g9. Moreover,
let 0 < gg < 0 < 1 be so that

(29) inf{|Df*(f(c))|;n > 1,c € Crit} - b > Koo,

and so that n;_; — n; > 1/(061/8"‘“") implies that |Df™-17"(f(c;))| > K 4fmax,
Here K = KL - M is a common Koebe/non-flatness constant from the two in-
equalities below.

Assume by contradiction that Assertion 3 does not hold, and that there exists
Ny such that for arbitrarily large ng = n and all critical times n; > Ny before
ng, both r,, < 0¢ and n; is of type (NAP). Let us first show that this implies
that |x; —¢;| > o, whenever n; > Np and 7 > 0. Indeed, assume by contradiction
that |x; —¢;| < g5. We apply the One-sided Koebe Lemma 2.2 to the appropriate
branch of f~("i-1="=1) that maps a maximal neighbourhood of z;_; diffeomor-
phically onto a neighbourhood of f(x;). Using the non-flatness of f at z; and
since n; is of type (NAP), we get

: o
(30) 7" < Md(f(e) @) S K - o S
contradicting (29).

Now take a large integer n = ng and critical times n;, < n;, before ng so that
nj, — nj, is large. Let 0,,, be the maximum of the distances between the points
fri(x) = x;, fr~"i+1(cj41) and ¢;. By the One-sided Koebe Lemma 2.2, there
exists a universal constant A L such that

1 |1 — [ 7 ()]

3D M DT (7 (e)

T — ci|£" <KL-

and this can be bounded from above by

o lmics = fh TN ()] [T () — e S]
KL -
S DT el DI e
|zioy — f1 7 ()| | () — i[5

|D fri-r=mi(f(es))]
Hence, for any 0 <i < sand K = KL - M,

=KL-

iy — o7 ()| - feimy — fr T ()|

Dfr = (Fe)/E

(32) lz; — it <



240 H. BRUIN AND S. VAN STRIEN Isr. J. Math.

Next assume that oo and hence of is so small that n,_; — n; > 1/(061/ e"‘“")

implies that the denominator |Df™-1~"(f(c;))|/K > 4%mex. Then, provided
|z; — ¢i|% < o, and since x; is in case (NAP), (32) gives

(33) On; < 2d{x;,¢) < A - a-flii—_ll/t’z”

where A; < 1/2 and A; < £(n; — n;—1) is a function which tends to zero when
ni_1 — n; tends to infinity. If, on the other hand, |z; — ¢;|% > o}, then since no
critical time nj, No < n; < ng is og-large, we get |x;_1 — f™ 17" (¢;)| = rp,_, <
0o. So (32) would give |Df™ 1= (f(¢;))|- M -0}, < KL-0¢-0f3!, contradicting
(29). So (33) holds in all cases and therefore

J2
o= (T ) -t
J=j+l

But since we may assume that 0,,(;,) is some given positive number (with n(j) >
No), we get a contradiction by choosing n(j1) — n(j2) arbitrarily large.

The same argument also proves Assertion 5. Indeed, assume that n = ng
is the smallest time with f™(z) € N¢(Crit)} and assume by contradiction that
zo = f™(z) is in case (NAP). Inequality (32) implies that

|D o™ (f(e1))|
KL

lzy — 1] - < |wo = fP7™ (e1)] - Jeo — f07™ (er) [0t

and since xg is assumed to be in case (NAP) this is at most
2%_1,3’30 - Coleo.

Either |z; — ¢;|®* < o/, and then (provided o} is small) |x1 — ¢1|% < |zo ~ cole,

contradicting that xg is the first entry in N (Crit). Or |x; — ¢ > o}, but then

|zg — co| > o0; so if we fix € < af)“""‘, then z¢ does not belong to N(Crit).
Assertion 4 of Proposition 3.1 follows from the formulas for Ag. ]

3.2. THE PROOFS OF THEOREMS 1.2, 1.3 AND COROLLARY 1.3 IN THE REAL
CASE. Before proving Theorem 1.2, let us make a remark on the role of the
A in formula (5). It is this part that assures that limsup, Df™(x) = oo for all
x € Jy that are not (pre)critical. The difficulty in proving it is not in very close
visits of = to Crit, because then the corresponding factor Ky - | D f™~"s+1]| (from
Proposition 3.1) is large, but rather in visits that are intermediately close. In
this case, the time nj — ng4q in the factors Ky - |Df™~™+1| may be too small
to guarantee expansion. To remedy this, we need to string several intermediate
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visits together with a single distortion constant. Assertion 2 in Proposition 3.1
is essential here.

Proof of Theorem 1.2 in the real case: Let us first show that there are arbitrarily
large n = ng such that the corresponding Ay is uniformly bounded away from 0.
By Assertion 3 of Proposition 3.1, there are infinitely many times n which are
of case (AP) or for which f"(T,) contains a o¢-neighbourhood of f"(z). If the
latter holds, taking ng = n arbitrarily large, Assertion 4 of Proposition 3.1 gives
that Aq > o'g'“a"—l > 0 independently of n. If the former holds, then ¢ = {(z) is
defined to be the largest order of a critical point which is involved with infinitely
many critical times of type (AP). So we can take ng arbitrarily large such that
¢y = ¢. This implies again by Assertion 4 of Proposition 3.1 that 4o = 1.

So assume that n = ng is picked as above. In order to prove Theorem 1.2 we
shall use (9) in a suitable way. The reason this can be done is because according
to (22)—(25) (from the first part of the proof of Proposition 3.1), A; > B; unless
¢; > € and z; is case (AP). So if n; > 7(x) then, in view of the definitions
of Crit'(z) and ¢(z) above the statement of Proposition 3.1, we always have
A; > Bj. Moreover, in Assertion 1 of Proposition 3.1, & > K whenever n; >
7(z). If n; is of type (AP) and n; < 7(x), then we have to include a factor
dist(f™ (z), Crit)%—¢ to estimate the factor A;/B;, but this happens only finitely
often. These factors are included in the factor K'(x).

The term B; in (9) is treated as follows: since n; is of type (AP) by “default”,
we have in the worst case that B, = |x — ¢,|*~%. This constitutes a single large
denominator (if £; > ¢), which is represented in the first factor K'(x).

Let us now regroup the critical times n; as suggested by Assertion 2 of Propo-
sition 3.1. First we define A > 1 as follows. Take Ny such that E(k) > 2 for each
k > Ny. Here F is the function from Proposition 3.1 (which does not depend on
). So A :=2Y/Mo > 1 does not depend on . Next define
1 if K - [Dfromm (F(ey))] 2 2
2 if K2 |Dfro=m1(f(cy))|

|Dfrm2(f(e2))| 2 4

min{j;ng — n; > No} otherwise.

k=

By Assertion 2 of Proposition 3.1 and the choice of Ny, we have k¥ < Ny and
|Dfro™ ™ (2x)|4®) > 240/ By,

and by Assertion 1 of Proposition 3.1,

k—1
ng—n z A -
lDf ° k(xk)le( ) 2 E’E’ H K- Dni_ni+l (CH-I)'
i=0
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Now we need the following

CraiM: Assume that € € (0,1), ay,...,ax > € and A > max{?.,l—[f=1 a;}. Then
A >[I, max{2V/*, eka,;/2}.

Proof of the Claim: We may assume that a; > --- > a; and that 7 < k is
maximal so that e¥a;/2 > 2!/, If there is no such j, then the maximum above
is always equal to 2% and the required inequality reduces to A > 2. Otherwise
we have

AZal...ak Zal...aj.ek_j

>(e*ay/2) - (eFa;/2) - 2k=9)/k

k
= H max(2'/* eka;/2)
=1
(where the last equality holds by the choice of j), completing the proof of the
claim.

Now let
By

Ay’
By (24), (25) and the choice of k we have that A > 2 and also that A > ]_[1 —o @
where a; = min{ K, 2'~4®)} . |Dfni—"i+1(¢;11)|. Applying the claim gives

A= |Dfromm (ay,) 1)

lDf ° k(xk)le( )= ABZ = Hmax()\ A Dm—m—n (Cz-H))

where K = min{K,2!~%®)} . ¢*/2 is a new universal constant and ) is as above.
Repeat this construction for a new k' > k, etc., as long as ng4y > 7(x). Since
7(x) is bounded, we exhaust all but a finite number of critical times. Combining
all this, we obtain

|Df ( )le(r) > I‘ O Hmax n,—m+1 (CH-I))

where the K’(z) takes care of the estimates before time 7(z). Rename K back
to K and Theorem 1.2 is proved. |

Proof of Theorem 1.3 in the real case: From Assertion 4 of Proposition 3.1 and
the definition of n, it follows that f™(x) is in case (AP). From Assertion 3 of
Proposition 3.1 and the assumption that all critical points have the same order,
it follows that Ap = 1. Moreover, B, is bounded from above. Hence (6) follows
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from Assertion 1 of Proposition 3.1. Since by assumption all critical points have
the same order, Ky > K for all k¥ and so Theorem 1.3 follows. B

Proof of Corollary 1.3: From Proposition 3.1, with £ = £,,,,, we get
A s—1
0 -
|Df7 ()| mex > B [ - Drgmniys (cr1)-
5 =0

Using (10)—(12) and the argument in the proof of Theorem 1.2, we obtain

(34) D)l > € B0 e,
B;

where C is a constant that is only needed if n < mg with mg as in the proof of
Theorem 1.2. Due to Lemma 2.6, there exists § = 6(o) such that |f*(T,)| > 4
for all n. It follows that there exists L = L(o) such that two subsequent critical
times are no more than L apart.

We have B, = |r — ¢s|‘m>~% < 1 and, assuming the worst case that ng
is (NAP), Ag > |zo — fro ™ (cy)|f>x~1. Since fm™~"1(c;) is the end-point of
f™(T,) closest to xg, we can use the One-sided Koebe Lemma and non-flatness
to obtain

[zo — f77" (e1)] Z}S—LIDf""*m_l(f(Cl))l |f(z1) = flen)l
(59) ZI\'Ll. MlDf"O—nl_l(f(Cl)ﬂ oy = e
Zcoo.fmax’

for some Cp > 0 independent of x. Using this estimate, inequality (34) becomes
[Df"(z)| > Cgémax—1)3/bmax > Cgfmax—1\n/Llmax

for the appropriate C' = C(Cp). This proves the corollary.
Note that if f satisfies (CE), then it is not hard to prove that A can be chosen
independently from o. |

4. The complex case

In this section we assume that f: C — C is a rational map. Let d be spherical
metric on C, so Lemma 2.5 holds. Also assume that there exists a sequence
b, > 0 such that

(36) exp(d bp) <2 and b, -|Df"(f(c))] = o0
n>0
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for each ¢ € Crit. The reason that we need a stronger assumption than the corre-
sponding assumption (2) in the real case is that the One-sided Koebe Lemma 2.2
does not hold in the complex case.

Let again N, (Crit) be defined as in (1). Take a point x such that f*(zx) ¢ Crit
for all k£ > 0, fix a large integer n, write ng = n and let o = f"(2). Our aim
is to estimate Df™(z) or at least Df™(x) for some large m < n. To do this,
we replace the maximal intervals of monotonicity T, (z) and f*(T,(x)) from the
previous section by suitable disks (shrinking neighbourhoods in the terminology
of [21]) using the sequence b, from (36). For m < n, let s, > 0 be maximal
so that the inverse branch of f~("~™) from B(zo,s) to a neighbourhood of
f™(x) is univalent. Maximality of s, means that for some k = 1,2,...,n —m
the component W,,_, of f~%(B(x¢,sm)) containing f*~*(z) contains a critical
point c in its boundary, and s, = d(x, f*(c)). Of course,

5n>3n—12"'250~

Let 71y < fig—1 < -+ < R := n be the collection of integers 7; € {0,...,n} for
which s5; < sj;41 when j > 0 and define ;1) = 0. The set Wy, 1 contains a
critical value of f in its interior, whereas f(W3,) C Wy, 41 contains this critical
value only in its boundary.

Wo Wintt B(zOy sm+1)
c
)
f fn—(m+1)
—_ —_

Figure 2. Shrinking neighbourhoods and their pre-images.

Consider all the integers 2; < n, j = 1,...,t,t + 1, as above such that

Shi_
(37) —Z{—l— 2 eXP(bn—ﬁj)-
i
Let ny < n be the smallest such integer 72; (i.e., with the largest index j) and
define r,, = sn,. By construction f®~"™ maps a neighbourhood W of f™ (x)
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univalently onto By, := B(zg,7n,). Moreover, W contains a critical point ¢; in
its boundary, and f(W) is contained in a set W’ which is mapped univalently by
fr™~1 onto the disc B(zo,exp(bn-n, ) Tn, ). Note that it is possible that c; is a
critical point which is not in Crit, i.e., is in the immediate basin of a hyperbolic
periodic attractor. Since x € J(f), in that case W intersects the boundary of
this immediate basin and so we can replace ¢; by a repelling periodic point in
this boundary. One can choose this repelling periodic point so that its period
is comparable to the period of the periodic attractor, i.e., at most some number
C(f) times the period of the attractor (one can choose C so that it does not
depend on x.) Throughout the remainder of the construction below we will use
the same modification, if required. If ¢; is a critical point, then let ¢; be its order,
and if it is a repelling periodic orbit, let £; = 1.

CLAIM 1: 89 > $p,/2 = ry,/2 and the branch of f~™ mapping B(xo,n,) to a
neighbourhood of x is univalent on B(xzo,7n,/2).

Indeed, by minimality of ny = #1; one has s5,/s5,,, < exp(bp_s,,,), forall i >

So so > $n, /2 = Thy/2 and since by definition f~™ is univalent on B(xo, so) the
claim follows.

j. But since so = s5,,,, this implies that s, /so = sa,/ss,,, < exp(3_b;) < 2.

Wn‘ B(J,‘() sTng )

fnz ng f"‘ n2
7

fno—rn ne—n1
B(xbrng zl’rnl) f (cl)

frm2(cp)

Figure 3. Construction of critical times and the discs By, = B(x;, ;).

We say that n; is a critical time before time n = ng. Now let 0 = n, <
ns—1 < --+ < np < ng = n where for j = 0,...,s the integer n; is the critical
time before n;_,. For each z; := f" (2), let B,; = B(z;,7y;) be the disc defined
above. By construction we have the following properties:

1. fri~"+1 maps a neighbourhood W, of f"i+(z) univalently onto B, =

B(f™ (). rn;);
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2. Wy,,, contains a critical point ¢;41 in its boundary. As mentioned above,
we can assume that ¢j;; either belongs Crit or can be replaced by a re-
pelling periodic point in the boundary of the immediate basin of a hyper-
bolic periodic attractor.

3. f(Whn,,,) is contained in a set W' which is mapped univalently by
fri~m+1=1 onto the disc B(f™ (2),exp(bn,—n;41) " Tn;);

Note that there are some differences with the real case: By, , need not be con-
tained in W,,,, C f~(~"+1)(B, ), whereas in the real case f™+ (T, ) C
fr+1(Ty,,). Moreover, By, need not contain a critical point, whereas in the real
case " (T,,) always contains a critical point (except possibly for ng). However,
neither of these special properties, which only hold in the real case, play an es-
sential role in the proofs as we will show below. The only crucial difference is
that (in the complex case), the critical times ny; < ns_; < -++ < ng are only
defined once the integer ng = n is given.

We say that n; is of type

(AP) (almost pre-critical) if 7, (x) > dist(z;, Crit),
(NAP) (not almost pre-critical) if ry, (z) < dist(z;, Crit).

Types (NAP) and (AP) represent the “sliding” and “transfer” case in [18]. Let
Crit'(z) be the set of critical points for which there are infinitely many integers
n; of type (AP), and let 7(x) < oo be so that n < 7(x) whenever n is a (AP) time
corresponding to a critical point not in Crit’(x). In Assertion 3 of Proposition 4.1
below, we shall show that there exists op > 0 independently of x such that
Crit'(z) # 0 or there are infinitely many og-big times n. Let

_ _ [ max{l;;c; € Crit'(z)} if Crit'(x) # 0,
(38) t="tz)= { 1 if Crit'(z) = 0.

LEMMA 4.1 (Transfer Expansion in the Complex Case):

|Dfro~ (zy)|" > Kb Ag

(39) Do ()] = * o By

where c; and z, are above and Ag, By are as in Lemma 3.1 (and |a — b} is taken
to be the spherical distance between a and b).

Proof: The proof of Lemma 4.1 goes exactly as that of Lemma 3.1. Note that
we only need to prove the analogue of Lemma 3.2, since this is the only part of
the proof of Lemma 3.1 which is not ‘algebraic’. So we merely need to prove
the analogues of inequalities (14)-(16). Let us first consider (14). Let g be the
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inverse branch of f™ =™~ f(W,,) — B,,. Because of properties 1-3 just above
this lemma, we can apply the lower bound in the first part of Lemma 2.5 and
obtain

Dy(e)l KL
Dy (7o) = bayomy

This gives that the constant A'L in (14) should be replaced by b, —n, - A'L.
Next we show that the constant KL in (15) is still universal (so it does not

depend on ng and ny). Indeed, let B;LO be the disc centered at xy with half

the radius of that of By, and g the inverse branch from above. By the second

(40)

statement in Lemma 2.5,

diam(g(By,))

o) < K-
|Dg(l'0)|_IX 7‘/2 3

where K is universal, and r is the radius of B,,. Moreover, the boundary of
g(By,,) lies between two discs of comparable radii. Since g(By,) contains f(cy)
in its boundary, since g(B,, ) C g(Bn,), and since r = d(xzg, f™ " (¢1)), it follows
that diam(g(B;,)) < C-d(f{x1), f(c1)) for a universal constant C, and therefore
that

- d(f(z1), f(c1))
Pyl < K- G = ey’
It follows that (15) also holds in the complex case for a universal Koebe constant
KL
Let us now prove the analogue (16). Let § be the inverse branch of fmo—m1;
Whn, — By, and B, be the disc from above. Note that W, contains ¢; in its
boundary. Again we have by Lemma 2.5,

diam(g(By,))

(a) Dateo)| < & - SR

By Claim 1, fm7"2(cy) is outside B, . This implies that f™ ~"2(c;) is outside
4(B;, ). But this, (41) and the definition of r imply that

d(z1, fM 7 (c2))
d(xo, fro=m (c1))

Again using that §(B,, ) is almost round and contained in the set §(By,,) = Wy,
which contains ¢; in its boundary also,

|Dg(zo)| < K

d(z1,¢1)
(.’Ifo, .fno_nl (Cl)) '

|Dg(z0)| < K - p
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Combined with Dg(zo) = [Df"~™ (x)]~" this shows that (16) holds with
replaced by some universal constant. From these three estimates Lemma 4.1
follows. Note that only in one of the ¢ factors of |Df™ =™ (z;)|* one uses (14),
and so the spoiling constant b,,_,, appears only once. |

PROPOSITION 4.1: Given f such that (3) holds, there exist o9 > 0, €0 > 0, K > 0
and a function E: N — R with E(k) — oo as k — oo such that for each x € Jy

and n € N, for which z, ..., f*~1(z) ¢ Crit, the following properties hold.
1. Let 0 = ny < --- < ny be the critical times before time ng = n. Let £ = {(x)
and c¢; be as above and let A;, B; be as in Proposition 3.1. Then for any

0<i<j<s,
Ay
D57 (@)l > S [T b - 1D (F(ers))Ds
J k=i
where Ko = K, and foreachk=1,...,s—1,

ny, is of type (AP),

K - [dist(f™*(x),Crit)]*—¢ if both £y > ¢ and
Ky >
K otherwise.

By definition of Crit'(x) the former happens only finitely (uniformly in n)
often: it can only happen when ny, < ().
2. If ny4q > 7(x) then one of the following holds:

(42) K bniniy, - DT (fleir))] 2 2,
‘K'bni—ni+1 ! |Dfni-ni+1 (f(ci+1))|'

(43) ) _ .
K- bni+1"‘ni+2 : lDfntHﬂnl” (f(ci+2)” >4,

or (for any j > i)

(44) IDF" ()] 2 Blng = ny) -
j

3. There exist arbitrarily large times n = ng that are of type (AP) or for
which the radius r,, > 0g (so n is a og-big time).

4. If f*(Wy) contains a og-neighbourhood of f™(x) = xo, then Ag > Ug—eo_ If
f™(x) is in case (AP) and moreover the critical point nearest to f"(x) has
order é(x) = ¢, then Ay = 1.

5. Ife € (0,€e9) and n > 0 is the smallest time so that f"(z) € N(Crit), then
f™(z) is in case (AP).
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Proof of Assertions 1-2 of Proposition 4.1: The proof of Assertion 1 of this
proposition is identical to the proof of Proposition 3.1. Let us now prove As-
sertion 2. The main difference with the real case is that now B,, does not
necessarily contain W,,. Choose p > 0 so that K - by - |Df*(f(c))| > 2 for
all k > v(p) and ¢ € Crit. (We may assume that K € (0,1).) Assume
that K - by,_n,yy - D74 (f(0))] < 2. Then n; — ni41 < v(p) and so
d{c;, "+ (¢;41)) > p. Hence either d(z;, f* ™+ (¢;31)) > p/2 or d(z,¢;) >
p/2. If d(xy, fH ™+ (ci31)) 2 p/2, then by Claim 1, f™=" (W, _p, (x;)) con-
tains a p/4-neighbourhood of z; for all j > i. Hence, if we denote by V the
neighbourhood of x; for which f™="i (V') is the p/16-neighbourhood of x;, then
by Koebe D f™~" has universally bounded distortion on V and so

o 16)¢ A
4 M= (g ‘3>I’L-(—M——>I'L’~——’—.
(45) IDF ()l 2 KL G Sy 2 KL Gy
Since again by the Koebe Lemma 2.5, the diameter of V is at most some universal
constant times d(x;, f*~"+1(c;41)), and since V does not contain ¢;, and since
€; > 1, the right hand side of (45) is much larger than A;/B; when the diameter
of V is small. Since x € Jy, and f™ ™|V is univalent, the set V has small
diameter when n; —n; is large. It follows that there exists a function Ej: N — R
with limg 00 B, (k) = 00 such that

A
(46)  d(xi, f¥ 7™+ (ciy1)) 2 p/2implies| D™ (25)[ > E, a(ni — "J')EL'

J

The remainder of the proof goes verbatim as in the real case, except of course that
we need to add the terms by, -,
|

:+1- This proves Assertion 2 of Proposition 4.1.

Proof of Assertions 3-5 of Proposition 4.1: The proof of Assertion 3 is only
slightly different from the real case. In the first formula (29) we need to add
the factor b,. To prove the analogue of (30), instead of the One-sided Koebe
Lemma, we apply the second statement of the Koebe Lemma 2.5 to the branch
of f~(mi-1=7=1 that maps a (1 + bp,_, —n, )-scaled neighbourhood of B,,_
valently onto a neighbourhood of f(W,,,). We get (for K = KL - M)

, uni-

J9
bni—l_ni ' IDfni_l_ni—l(f(c))r
again contradicting (29). Next, instead of inequality (31) we get

) K d(:r.i_l, fri-tm (c.i))
d(z, ;)% < .
(woe) S o D ()]

@) oy < Md(f(e), fla) < K -
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Indeed, consider the inverse branch g of f™i-1="~1! mapping x; to f(z;). This

branch is univalent on a (1 + b,,_, _n,)-scaled neighbourhood of the ball cen-
tered at x; with z := f-17%~1(f(¢;)) on its boundary. Hence, by the second
statement of the Koebe Lemma 2.5,

N 1 bnl_l—ni . d(g(xz-l)7g(z))
Dg(~) - ,Dfni-l""i_l(f(ci))] 2 3 d(wi_hz)
_bnl_l—ni d(*’l"lﬁc'b)

3 ' d(l‘i_l,fni—l_ni(ci)).

Therefore equation (32) becomes

(i1, fr17" () - A (), €-1)
br;_1—n, * lDfni_l—ni (f(cl))l

Because we have assumed (3), we obtain (33) exactly as before and the remainder
of the proof of Assertion 2 still holds verbatim. The proof of Assertion 4 of
Proposition 4.1 is trivial (as before). For the proof of Assertion 5, we use (48)
instead of (32) and the rest goes through word for word. |

(48)  d(zi )b <K -

Proof of Theorems 1.2 and 1.3 in the complex case: The proofs of these propo-
sitions and lemma go exactly as in the real case, except that one has to use
Proposition 4.1. |

Proof of Corollary 1.3 in the complex case: This is basically the same as in
the real case, except that we cannot use the One-sided Koebe Lemma as in
(35). Instead, f(W,,) is contained in a disk W' that is mapped univalently onto
B(zg, 7ny-exp(bng—n, )). It follows again from the second statement in Lemma, 2.5
that

w0 — F797™ (e)] 2 m0=m D pro=m=(f(e)] - d(f(a1), fler))

KL
bn —-n e
>_roTm pfre-ni—l d o
—“KL-M l f (f(cl))| (l‘l,(:l)
ZCOUZmax,
for some Cp > 0. This gives the missing estimate. ]

5. Lebesgue measure of Julia sets

In this section we prove that if f satisfies (3), then the Julia set J; has either
Lebesgue measure m(J¢) = 0 or J; is the Riemann sphere. The real analogue is
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that for m-a.e. point x, w(x) is either a cycle of intervals, or a periodic orbit; see
Corollary 5.2. We will concentrate on the complex setting, since there the result
is most interesting, and occasionally point out the differences in the arguments
for the real setting.

The main tool to prove this is a random walk argument, but before explaining
this, and stating the precise result, let us give some preliminary lemmas. The
first is easy and in fact well-known; we include it for completeness.

LEMMA 5.1: Let J' = {x € Jp;orb(z) N Crit # 0}. Then m(Jy\ J') =0.

Proof: Let X}, be the set of points « in J¢ such that dist(orb(x), Crit) > 1/k. By
Proposition 4.1, x € X}, has infinitely many times that are either o¢-big or of type
(AP). But as x € Xy, the (AP) times are also (1/k)-big. Take ¢ = min{og,1/k}.
Therefore, each & € Xj has arbitrarily small neighbourhoods U and n € N
such that f™ maps U onto B(f"(x),c/2) with distortion depending only on 0. A
definite proportion of B{f"(x),¢/2) is mapped into a 1/k-neighbourhood of Crit
and is therefore disjoint from Xj. It follows that X cannot have any density
points. Since J' = Jy \ (U, Xk), the lemma follows. ]

Hence, the orbit of Lebesgue almost every € Jy accumulates on Crit. The
next lemma shows that, if z is close to Crit, then for the first “closer” approach
f™(z) to Crit, there is a neighbourhood U 3 z which maps univalently to a
neighbourhood, whose diameter is “larger” than the original distant dist(Crit, ).
Here “closer” and “larger” are meant in a sense that takes the critical orders into
account. Recall that in the real case, the Julia set is defined to be a set of
points that do not converge to a stable or neutral periodic orbit. Recall also that
N.(c) = B(c;e/4)) and N, = | e cpir Nel0).

LEMMA 5.2: Suppose f is a rational map satisfying (3), resp. {2). Then for all
R > 1 there exists § such that for all x ¢ Crit the following properties hold:
Write 6(x) = min{d, d(x, cg)?(©®)}, where cq is the critical point closest to x. If

(49) m :=m(x) := min{i > 0; f*(x) € Ns(z)} < o0,

then there exist a neighbourhood U > x such that:
1. f™: U — f™(U) is univalent resp. diffeomorphic;
2. diam(U) < %d(co,:r.);
3. f™U) = B(c, Ré(x)He0)/ 1)) where ¢, is the critical point closest to
fm(@).

We give the proof for the complex version; the real version is analogous.
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Proof of Lemma 5.2: Fix R > 1. Let K be the constant from (48). By (3),
there exists ig such that b;|Dfi(f(c))|/K > R¥ma= for all ¢ € Crit and i > i.
Take & so small that d(c’, fi(c)) > R26Y4) for all 0 < i < iy and ¢, ¢ € Crit.

Next, let & be arbitrary, and assume that m in (49) is finite. By Assertion 4
of Proposition 4.1, m is critical of type (AP). Let m’ be the last critical time of
x before m. By construction

7™ (@) = e < fo = o]0 < | () - ¢,

where ¢, ¢ and ¢g are the critical points closest to f™(x), fm'(:r) resp. z. By
(48) and the fact that m is of type (AP) we have

mN g é(c")_bm—m’ : IDfm_MI(f(C/))[
@) - r
<) = el - Jer = f ()0
Slcl _ fm—m'(cl){f(cl)‘

Either m — m’ > io, and then we find
lcl _ fm—m’ (C’)‘Q(Cx) > Remaxico _ x‘e(co)’

or m —m' < iy and
;cl _ fm—m’(c/)ll(cl) > R%(Cl)&

In either case |¢; — ™™ (¢')| > R%6(x)*/ 4V, and we can find neighbourhoods
T O U > z such that its univalent images f™(T) O f™(U) are round disks with
radii R26(x)"/4) > Ro(x)Y/#). The distortion of f™ : U — f™(U) depends
only on R, and for R large, U is an almost round disk in T. Since ¢ ¢ T,
diam(U) is small compared to d(z, ¢). The three statements follow directly from
this. ]

Suppose that m(J;) > 0 and X C Jy is a totally invariant set which supports
an ergodic component mq of Lebesgue measure m. To be precise, f~1(X) = X,
mo(X) = 1 and m;(X) for all other ergodic components. Assume further that
z € J' is a density point of X. Then by applying Lemma 5.2 repeatedly, one
can show that at least one critical point in J; is also a density point of X.
(Furthermore, if any critical point ¢ belongs to m for a set of points y € X
of positive measure, then ¢ is also a density point of X.) This is in a nutshell the

argument for the following proposition.
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PROPOSITION 5.1: Suppose f satisfies (2) or (3); then Lebesgue measure m has
at most #C'rit ergodic components.

In the real case, finiteness of ergodic components was shown by Blokh and
Lyubich without any summability condition, see [1, 2, 11, 14]. The number
of ergodic components is sharp, also if #Crit > 1. More precisely, for every
modality there is a one-dimensional map with exactly #Crit Lebesgue ergodic
components.

In the complex case, the first proof was given by Przytycki, [21, Theorem B],
and his proof applies to a-conformal measures. Recall that a probability measure
Mg is a-conformal if me (f(U)) = [, |Df(x)|*dmq whenever U is measurable and
f: U — f(U) is one-to-one. By Sullivan’s result [26], J; always supports a -
conformal probability measure for some 0 < o < 2. Prado [20] proved (not using
summability) that a non-atomic a-conformal m, is ergodic for certain unicritical
polynomials on the complex plane. Graczyk and Smirnov [9, Theorem 2| show
ergodicity provided the rational map satisfies a slightly stronger summability
condition. Whereas the non-ergodicity result of [25] depends on the existence of
Julia sets J # C with positive Lebesgue measure, no non-ergodic a-conformal
non-atomic measures are known.

Let us now start turn to the major result of this section.

THEOREM 5.1: If f satisfies the expansion assumption (3) resp. (2), then there
exists € > 0 and K > 1 such that for m-a.e. x € Jy there exists t; — oo and
neighbourhoods U;(z) of x such that

(50) ft: Ui(z) — B(c, e/49)),

is univalent, resp. diffeomorphic, and has distortion bounded by K. Here c € Crit
is the critical point closest to f'(x).

Points x that have arbitrarily small neighbourhoods that map univalently to
large scale are sometimes called conical points. Hence Theorem 5.1 says that
m-a.e. point is conical.

Whereas Lemma 5.1 and Proposition 5.1 can be extended to non-atomic a-
conformal measures, we have met with serious difficulties extending Theorem 5.1
in this way. One of the reasons is the estimate of the mg-measure of disks D of
radius p. Whereas m, (D) < K2p® for some uniform constant A, no uniform
constant A > 0 such that m, (D) > A 1p® may be expected. This uniform lower
bound obviously exists for Lebesgue measure.
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In [9, Theorem 2 and 3] a certain summability condition is used to show that
Jy supports an a-conformal measure mq, and mq-a.e. £ € Jy is conical (z even
reaches large scale with, in a sense, positive frequency).

Proof of Theorem 5.1: Assume that m(Jy) > 0. Lemma 5.2 shows that if x is
close to Crit, and f™(x) is even closer, then there exists a neighbourhood U 3 z
such that the majority of the points of U move further away from Crit under m
iterates. We will turn this phenomenon into a random walk argument.

Let us first fix some constants and notation. Lemma 2.5 implies that if V C U
are topological disks, and ¢ maps them univalently onto concentric round disks
of radii 1 < R, then g|V has distortion

. R+ 1\4
KR < (577) -
Take R > 4'° so large that K(vR) < 1.1 and let p = R~Y/10 € (0,1/4). Let 6
be as in Lemma 5.2 and define

Ni(c) := B(c;6*%9p!) and N; = U Ni(c),
ceCrit

and also A; = N; \ N;41. By convention set also N_; = C.

As before, let X be a totally invariant set supporting an ergodic component.
By Proposition 5.1, there are only finitely many disjoint sets X of this type, X
contains at least one critical point ¢ in its closure, and if ¢ € W for typical
points in X, then ¢ is a density point of X. We can assume that J is so small
that for each such critical point ¢ and each i > 0, m(A; N X) > 0.999m(A;).

The collections annuli A4; are considered as states of a random walk. We write

x(x) =k ifxe€ A
If x € J'\ Crit, then
m(x) := min{i > 0; x(f*(x)) > x(x)} < oo

Take x € J' close to Crit, say © € Ag{c) with k > 30 and let ¢, be the
critical point closest to f™*)(z). By Lemma 5.2, there exist neighbourhoods
T(z) D U(z) D V(x) 3 z such that f™*) maps T(z) univalently onto Ni_so(cm).
U(x) univalently onto Ni—20(cm), and V(z) onto Nx_19(cm). Since fm(w)|V(x)
has distortion bounded by 1.1, we see that indeed most points in U{z) move to
a lower state than their original state. More precisely and strongly:
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LEMMA 5.3: Suppose f satisfies (2) or (3). Let X support an ergodic component
of m as above. If f' maps neighbourhoods V' C U univalently onto V(z) C U(x)
for some x € X, then

1
E(xo fr@H| X AV) = __—/ \ o ™ (y)dm < max{k — 3, 30},
(ofmerxavy — Lo f ) (k~3.30)
and
1
: = o frEHt () g k —3,30}.
B )i ey [ eI ) < max{l 3,30}

Proof of Lemma 5.3: This is a straightforward computation. The distortion
of f*™®)|V depends only on R and hence is less than 1.1. First assume that
v(x) = k for k > 30, so X almost completely fills the annuli 4; for i > & — 10.
Then

2 0 o MUy € XOV; frOH(y) € A ogs}) _ 3

FL—ppt < XA < 5= pp,

where d = 2 = dim(C) and the factors 2 and 3 bound the distortion effects.
Thus

10
En(y o fMOHX A V) <k + ng(”m)d 1 — o)) (- 10)p?
320 3=0
10d dy—1 10 d
<k+p 1 -p% —-3—(1—/))<k—3.

If £ < 30, a similar proof shows that still E,,(x o f™®*|U) < 30.

Note that the expectations E,(x o f™®)+tU) are naturally lower than
Em(x o fr®)*|V), because the annulus U7\ V is mapped to lower states k — 11,
k—12,..., &k~ 20. (Note that no distortion bound is necessary on U \ V.)

The proof for the real version of this lemma is the same, except that then
d = dim(R) = 1. 1

If r € U(y) N X satisfies x(z) = k& > 30, then f™¥)(z) is likely to belong to
a lower state than 2. At the same time, f™®)(x) may belong to some U(y'),
and then most likely to the part of U(y’) that has an even lower state after
m(y’) iterate. Basically, we would like to repeat the argument, and consider
the numbers x(z), x(f™®(z)), x(f™®+m®)(z)),... as random variables, which
have bounded expectation.

However, a single point x can belong to different disks U(y); after all, the
disks U(y) form a cover of J; mod 0, not a partition. To make this cover into a
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partition is an awkward task, because the partition is not likely to have a Markov
property. Therefore, refining the partition according to the successive iterates of
the maps f™¥) will be extremely complicated. In addition, an assignment that
seems favourable at one iterate may prove unfavourable at the next.

We therefore follow another strategy: instead of assigning each x to a unique
disk U(y), we allow z to belong to U(y) for several points y, and therefore to
have several images under f™¥). Let us call this map ®; it is multivalued, but
all images ®(z) belong to orb(z). For the n-th iterate of &, we allow each of
the image points in ®"~!(x) to have several new images. When computing the
expectation of y o ®", we can minimize over all z € ®"(z).

To make this precise, define

1. z€eV(y)or

T(x) = mi(z) = {m(y); 2. z€U(y)and U(y) DU(Y)
for all ' such that z € V(')

Note that the definition of 7(z) is such that if z and z' belong to the same V(z)
for some z, then the points y for which the second rule holds are the same for
x and z’. Furthermore, the disks V(y) and U(y) that appear in this definition
have the following nesting property:

LEMMA 5.4: IfV(y)N V(') # 0, then U(y) C U(y') or U(y') C U(y).

Proof: By the choice of R, the distortion of f™®)|U(y) is small, and at the same
time V'(y) is small compared to U(y) and the modulus of U(y)\ V(y) is bounded
away from 0. Let V(y) and V(y') intersect each other. If m(y) = m(y’), then
V{y) c V(y') and U(y) C U(y'), or vice versa. In this case there is nothing to
prove. Hence assume that m(y) < m(y'). HU(y') D V(y), then f™®(U(y")) 3 ¢
for some critical point, so f™¥)|U(y') cannot be univalent. Therefore U(y’) 2
V(y). This means that diam(U(y')) = diam(V (y)) < diam(U(y)), and U(y’) C
U(y). Note that this proves at the same time that the transfer time of the larger
set is smaller. [

Let ® be the multivalued function:
d(z) = {f'(2);t € T(a)}.
Now for the second iterate, define

n()={my)+tten(x) and 2. fiz)e U(y)and U(y) D U(Y)

1. fi(z)eV(y)or
for all ¥’ such that f*(z) € V(y')



Vol. 137, 2003 EXPANSION OF DERIVATIVES IN ONE-DIMENSIONAL DYNAMICS 257

and ®%(x) = {fi(z);t € 2(z)}. Similarly, we define 7,, and ®" for every z € J’
and n € N.

If + € U(y), x(z) = k for some t = m(y) € 7(x), then by the proof of
Lemma 5.2, there is a neighbourhood T(y) such that f{(U(y)) = Ni(c) C
N;_10(c) = fY(T(y)) for some i < k and c the critical point closest to f(y).
Also, diam(U(y)) < 14 dist(y,Crit). Since p < 1/4, this implies that U(y) C
Agy1 U Ag U Ag—1. The size of T(y) is not given, but the proof of Lemma 5.2
extends to show that there is a neighbourhood T(y) C T(y) such that T(y) C
Aks1U Ap U Ay and fH(T(y)) = Niza(c).

If ft(z) € U(y'), then we can repeat the above construction and find that
U(y) ¢ T(y') ¢ f{(T(y)). This implies that T(y) contains a neighbourhood
that maps univalently under fi+™®") onto f™®)(T(y')). Therefore we can use
the expectation estimates of Lemma 5.3 for the branches of ®; as well, and by
induction, also for every branch of ®" for every n > 1.

If, for each t € 7,,_1(z), fi(z) ¢ U(y) for any y, then we simply put 7, (z) =
Tn—1 + 1. For example, this can happen if x belongs to X \ J’, so orb(x) does
not accumulate on Crit.

To complete the ingredients of the random walk, define x,(z) = min{x o
fi(z);t € To(x)}. We claim:

(51) Foralln €N, E,(xn) < 30.

Proof of the Claim: Clearly (51) is true for n = 0, because N3g is only a small
part of C and m(N;) = 0 exponentially fast.

Assume (51) holds for n — 1. For each « € C, let s(z) € 7,_1(z) be such that
vo f*®)(z) is minimal among all s € 7,,_;(z). Let §(z) = min{¢;t € 7(f*@(z))},
that is (by Lemma 5.4), §(z) is the transfer time of the largest disk V(y) or U(y)
that contains f*®(z). In particular, the definition of T is such that if f*(®) €
V'(y) for some y, then (irrespective whether 3(z) = m(y) or not) 3(x) = §(z’) for
all points ' such that f5(=') € V(y).

Obviously Ep(xn) < [ xo f+Hdm.

We divide C into Yy U Y; U Yz, where the Y; are defined as follows:

o Yy = {x; f2@+3@)(z) ¢ Njg}. For instance, Yy contains points in X \ J'.
Clearly 7,(x) < 30 for all x € Y.

e Y ={z ¢ Yy;3(x) = m(y) and f*(z) € U(y) \ V(y)for some y}. There is a
countable set of points y such that Y; = Uy Yy, where Y}, =
{x ¢ Yo:5(x) = m(y) and f*(z) € U(y)\ V(y) for some y}. If f52) ¢
U(y)\ V(y), then x(ft(x)) and x(y) differ by at most one, and at the next
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step, x is mapped outside N, (,)_10. Therefore, the points in Y; , satisfy
xn{2) < max{x(f*(z)) — 9,30}.

o Yo = {z ¢ Yy;5(x) = m(y) and f°(x) € V(y)}. There is a countable set of
points y such that Y5 = Uy Y5y, where

= {z ¢ Yo; 5(x) = m(y) and f°(z) € V(y)}.

Due to Lemma 5.4, all the sets V(y) are disjoint. Moreover, the remark
below the definition of 7 implies that §(z) is constant on each Vi ,. We can
use Lemma 5.3 to compute the expectations on the sets V(y).
Note that the sets Yp, Y7 and Y5 are pairwise disjoint. Recall that E,, is the
expectation with respect to normalized Lebesgue measure on X. We obtain

En(xn) Sm(Y0) En(xn|Y0) + m(Y1) En(xn Y1) + m(Y2) En(xn|Y2)

<30m(Yo) + > m(Y1,) max{(Em(xn-11¥1,) - 9),30}
Y

+Zm (Ya,y) max{(Em(xn-1[Y2,y) — 3),30}

< max{Em(xn—l) — 3,30} < 30.

This shows that E,(x,) < 30 for all n, proving the claim.

Since the property “xn(z) < 30 infinitely often” is invariant under f, we
get that for m-a.e. x € X, liminf, inf{x(f*(z));t € 7.(x)} < 30. This proves
Theorem 5.1 with € = §p30¢mex, ]

Theorem 1.4 is a direct consequence of Theorem 5.1.

Proof of Theorem 1.4: Suppose z is a density point of J; that satisfies (50).
Then there exists ¢ € Jy such that f* maps U;(x) with bounded distortion
onto B(c,el/%)) for arbitrarily small neighbourhoods U;(z) and correspondlng
iterates t;. It follows that m(B(c, eV/“)) N J;) = m(B(c, e!/49)). Now J = Cis
immediate. |

COROLLARY 5.1: If f satisfies (3) and Jy = C, then m is ergodic, conservative
and exact.

Proof: Suppose X is any forward invariant set of positive measure. As in the
previous corollary, there exists ¢ such that m(B(c, /4NN X) = m(B(c, /4))),
and therefore X has full measure in C. Hence m is ergodic and conservative.
Moreover, X N f(X) has positive measure. It follows that m is exact as well; see,
e.g., [3, Proposition 2.1]. |
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Theorem 5.1 has its real analog, and the proof is basically the same. This
allows the following result.

COROLLARY 5.2: If f satisfies (2) then for m-a.e. x € I, either w(x) is a cycle of
intervals or w(x) is a periodic orbit.

Hence, there are no solenoidal or wild attractors.

Proof:  Suppose that m(J;) > 0, otherwise there is nothing to prove. Since J;
is closed and invariant, J; contains an (at least one-sided) interval B(c,e!/)
for some ¢ € Jy. Consequently, J; is the union of cycles of intervals. Suppose
there is an open interval U in any of these cycles (call this cycle Jg), such that
m({z € Jo;w(x)NU = B}) > 0. Then some interval of the form B(c,e'/*(<)) con-
tains a preimage V of U. This means m-a.e. x € Jy has arbitrarily small neigh-
bourhoods U;(x) of which a definite proportion belongs to | J,, f~"(U). Therefore
{z € Jo;w(xz) N U = 0} has no density points, a contradiction. |

COROLLARY 5.3: If f satisfies (3), then either w(x) is an attracting periodic
orbit m-a.e., or w(x) = C m-a.e.

Proof: Similar to the proof of Corollary 5.2 ]

6. Some counterexamples

In this section we will show that a multimodal Collet-Eckmann map need not
satisfy (BCE) or (BBC) if there are critical points with different orders.

THEOREM 6.1: For each of the following three statements, there is a bimodal
Collet—-Eckmann polynomial f satisfying it:

1. f fails both (BCE) and (BBC).

2. f fails (BCE), but satisfies (BBC).

3. f satisfies (BCE), but fails (BBC).

Proof: To prove the first statement, we construct a bimodal map satisfying
(CE) on both critical points, but for which one of them, ¢y, has a sequence of
preimages y; € f~"™(cy) such that

|Df™ (y:)] < Cem ™

for some C,a > 0 and all ¢ > 1. This shows that (BCE) and (BBC) fail.
Let f:[0,1] — [0,1] be a bimodal map, say a fifth order polynomial, with two
critical points 0 < ¢; < ¢z < 1 such that the corresponding critical orders £, = 2
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and ¢ = 4. Furthermore, suppose that f(0) = 0, f(1) = f(c;) = 1. The map
assumes a local minimum f(cg) > 0 at cy; its precise value will be determined in
the construction below.

Assume that fi(c,) stays out of a neighbourhood of the critical set for 1 < i <
n, such that Df*~1(f(cz)) ~ A"~! for some A > 1. For example, this holds if co
spends most of the iterates i < n very close to the fixed point p € (c1,¢2), and
this fixed point has multiplier {D f(p)| = A\. Next assume that € := |f"(c2) —c1| =
A" for some B € (3,1). Then Df"(f(c2)) = AA=8)n 5o the Collet-FEckmann
condition is not violated here. In addition, assume that f™ maps a neighbourhood
of ¢ with one fold onto a neighbourhood of ¢;. Then there is a point y, say y < cq,
such that f™(y) = ¢; and

[y eal % 1) = Fea)] V4 (e XY/ x4
(Notice that |y — ca| > € if 3> 1.) This gives
IDf™ ()| m A" - |y — caf* s AUT3O/Y,

which is exponentially small if 3 > % The idea is now to construct a map f
exhibiting a cascade of the above events, for which there exists a sequence n;
such that

IDf™=(f(c2))|  A™  and  |f™(c2) — erf m ATP™

for all 7, and such that f™ maps a neighbourhood of ¢; with one fold onto a
neighbourhood of ¢;. Then we get a sequence of points y; — c2 such that

M (y:)=c1 and |Df™(y;)| = A7™

for @ = (33 —1)/4 > 0. There are no (combinatorial) restrictions to such a
cascade construction.

Let us now change the construction a little to prove the other two statements.
For the second statement, choose € := |f™(ca) — ¢i| = A~#" for 8 = % The
previous computations then give |Df™ (y;)| ~ 1.

For the third statement we argue as follows: Instead of having f™ map a
neighbourhood of ¢y onto a neighbourhood of ¢1, let f(cq2) be very close to ¢; such
that co assumes a local minimum of |f™(x) — ¢;|. Therefore, no neighbourhood
of ¢3 on which f™ has only one fold contains ¢, in its f™-image. This adjustment
is compatible with long-branchedness of f, i.e., there exists 4y > 0 such that for
every ¢ and every maximal monotonicity interval J of f¢ satisfies | f:(J)| > .
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By use of a cascade of the above construction, we arrive at a map for which
there are sequences {n;} C N and {y;} C [0,1] such that y; — c2, f* () = 1
and |Df™(y;)| < Ce ™. Moreover, |f™(y;) — c1| < |f™(y:) — 1] for all n < n;.
It follows that (BBC) fails. To ensure that (BCE) holds, we prove the following
lemma.

LEMMA 6.1: Let f be a long-branched map with non-flat critical points and
Sf < 0. Then (CE) implies (BCE).

Proof: Take any critical point ¢ and let U be a neighbourhood of ¢ such that
Ul < /2 and also |f(U')| < ~/2 for each component U’ of U \ {c}. Here
the v comes from the definition of long-branchedness. Let X = {J,5o f"(U).
Obviously X is forward invariant. -

By Proposition 3.1 applied to X, every critical point ¢ € X of maximal crit-
ical order satisfies (BCE). Assume by contradiction that (BCE) fails in ¢; say
there are sequences {n;} C N and {y;} C [0,1] such that f™(y;) = c and
limsup; ;- log | Df™ (y;)| < 0.

Recall that T, is the maximal neighbourhood of y; on which f" is diffeo-
morphic. By long-branchedness, n; is a 7-big time of type (NAP). By the Koebe
Principle, there exist N such that & € fN(U). Take x; € Ty, such that f™(x;) €
U and fN*"i(z;) = & Then, due to the Koebe Lemma 2.1,

[DfN*™ (2;)] < KL -sup{|DfN(2)l;2 € U} - |IDf™ ().

This contradicts that (BCE) holds in é. ]

This proves Theorem 6.1. [ |
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